In this paper, we investigate channel estimation with pilot reuse for massive MIMO with in-phase and quadrature-phase imbalances (IQI). Firstly, we obtain an augmented real-valued representation for the received signal by processing the real and imaginary parts individually with relative compensation. Then based on the obtained augmented real-valued representation, we perform minimum mean square error (MMSE) estimation for the effective channel which comprises the IQI matrix and wireless channel coefficients. Pilots are reused to reduce the pilot overhead. A lower bound of the effective channel estimation MSE is obtained. Motivated by the optimal conditions under which the lower bound can be achieved, we propose a pilot schedule algorithm. Finally, a least square based method to obtain the relative IQI compensation coefficients is provided. Numerical results verify the performance of the proposed effective channel estimation with pilot reuse.
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) is a key technology for the fifth-generation (5G) communication systems [1] . Compared with the conventional small scale MIMO, massive MIMO is able to significantly improve the spectral efficiency and energy efficiency by employing a large number of antennas at the base station (BS) to simultaneously serve a relatively smaller number of user terminals (UTs) at the same time and frequency resources [2] - [6] . When channel estimation is performed with pilot reuse to reduce pilot overhead, the pilot interference will restrain the system performance [2] , [7] . Several pilot schedule approaches have been proposed to mitigate the pilot interference in [7] - [11] .
Since the number of antennas employed at the BS is large, cost-efficient components are used to reduce the cost. However, these components are more prone to hardware impairments causing severe system performance loses [12] - [16] . One of the severe hardware impairments is the in-phase and The associate editor coordinating the review of this manuscript and approving it for publication was Parul Garg. quadrature-phase imbalances (IQI), mainly arising in directconversion transceivers [14] , [15] . IQI refers to the case that the amplitudes of in-phase and quadrature-phase branches are not equal and the phase shift between them is not 90 • , which usually degrades the system performance severely [17] - [20] .
The IQI mitigation methods for single-input single-output systems are designed with adaptive filter theory in [21] - [25] , which are not suitable for practical massive MIMO systems due to the prohibitively high computational cost. Based on the estimation of the effective channel that comprises the IQI parameters and the wireless channel coefficients, IQI parameters are estimated to recover the desired signal in [26] - [28] . The channel estimation approach proposed in [29] also requires the IQI parameters.
In this paper, we investigate channel estimation with pilot reuse for IQ imbalanced massive MIMO. Firstly, we obtain an augmented real-valued model for the received signal by processing the real and imaginary parts individually. Differently from [26] - [28] where the IQI parameters are estimated to recover the desired signal, we apply a relative IQI compensation approach to the augmented real-valued representation for the received signals. The compensation result is in the form that the desired signal is multiplied by a matrix relative to the IQI. We call this scheme relative IQI compensation because there is an IQI matrix factor in the compensation result. By treating the product of the IQI matrix and the wireless channel matrix as the effective channel, the IQI can be well coped with. Based on the augmented real-valued representation obtained with relative IQI compensation, we perform minimum mean square error (MMSE) estimation for the effective channel. We reuse pilots for different user terminals (UTs) to reduce the pilot overhead. A lower bound of the effective channel estimation MSE is given. Motivated by the optimal conditions under which the lower bound is achieved, we further propose a pilot schedule algorithm. The relative compensation coefficients are estimated with a training sequence which can be transmitted by a reference antenna [30] or a specific transceiver [28] . If the frame structure in [27] is used, the pilot transmitted by a UT with perfect hardware can be used as the training sequence. The relative IQI compensation coefficient estimation is obtained based on least square criterion, rather than the maximum likelihood method used to obtain the IQI parameters in [28] .
The rest of the paper is organized as follows. In Section II, the system configuration is presented and the signal model is established. We perform MMSE estimation with pilot reuse for the effective channel and obtain a lower bound of the estimation MSE in Section III. Moreover, motivated by the optimal conditions under which the lower bound is achieved, a pilot scheduling algorithm is also provided in this section. In Section IV, a least square criterion based estimation for the relative compensation coefficients is provided. Numerical results are shown in Section V. The conclusion is drawn in Section VI.
A. NOTATIONS
Upper (lower) case boldface letters denote matrices (column vectors). We use [x] i and [x] i:j to represent the ith element and the ith to jth rows of the vector x, respectively. We employ [X] i,j , [X] :,j and [X] i,: to represent the (i, j)th element, the jth column and the ith row of the matrix X, respectively. We use diag {x} to denote the diagonal matrix with x along its main diagonal, and diag{X 1 , · · · , X L } to denote the block diagonal matrix with the lth diagonal block given by X l . We adopt vec{X} to represent the vector obtained by stacking the all the columns of X. We employ X ⊗ Y to represent the Kronecker product of two matrices X and Y. The operator tr{·} denotes the trace of a matrix. The superscripts (·) T , (·) * and (·) H denote the transpose, complex conjugate, and complex conjugate-transpose operations, respectively. The Frobenius norm of X is represented by X F = tr{X H X}. We use {X} and {X} to represent the real and imaginary parts of X, and = √ −1. 0 N 1 ×N 2 denotes the all-zero N 1 -by-N 2 dimensional matrix, and I N denotes the N -by-N dimensional identity matrix. C M ×N (R M ×N ) denotes the M -by-N dimensional complex (real) matrix space. The notation is used for definitions. CN (x, Y) denotes the circular symmetric complex Gaussian distribution with mean x and covariance Y.
II. SYSTEM MODEL
A narrow-band single-cell massive MIMO system is considered in this paper. The BS equipped with M antennas serves K single-antenna UTs simultaneously. In the case when there is no IQI, the received signal at the BS during the channel estimation stage is written as
where
is the pilot matrix with p k ∈ C τ p denoting the pilot sequence of length τ p transmitted by the kth UT, and N ∈ C M ×τ p is the additive white Gaussian noise (AWGN) with independent and identically distributed (i.i.d.) elements satisfying CN (0, σ 2 n ). The UL channel between the kth UT and the BS is modeled as [7] , [31] - [33] 
where v (θ ) and h k (θ ) represent the BS array response vector and the complex-valued channel gain function corresponding to the incidence angle θ , respectively. The directional antennas at the BS determine the incidence angel interval [θ min , θ max ]. It is supposed that channels with different incidence angles are uncorrelated, i.e., E h k (θ ) h * k θ = β k S k (θ ) δ θ − θ , where β k denotes the large scale fading factor and S k (θ ) is the channel power angle spectrum. The channel vector is assumed to satisfy h k ∼ CN {0, R k }.
The BS antennas are assumed to be spaced with a half wavelength distance in a uniform linear array (ULA). 1 When the BS antenna number M is large enough, the covariance matrix of the kth UT channel can be well approximated as [7] , [34] - [37] 
for i = 1, 2, · · · , M and j = 1, 2, · · · , M , and k is the power distribution matrix of the angle domain. The angle domain power distribution matrix k is diagonal and its mth diagonal entry is given by
where ϑ (m) = arcsin 2m M − 1 for m = 1, 2, · · · , M . In the case when there are IQI at the BS, the received signal at the BS during the channel estimation stage is given by [12] , [13] , [18] , [20] 
where the diagonal matrices A = diag{ξ A,1 , · · · , ξ A,M } and B = diag{ξ B,1 , · · · , ξ B,M } denote the IQI parameter matrices. The IQI parameters of the mth BS antenna are modeled as
where α m and φ m denote the amplitude and phase imbalances, respectively. It can be seen from (5) that the desired signal Y is distorted by its conjugate counterpart. The power of the interference caused by the IQI is proportional to the desired signal and the scaling factor depends on the square of the module of B . It is shown in [38] that even the channel estimation signal-to-noise ratio (SNR) of the MMSE channel estimation tends to infinity, there still exists an estimation MSE floor due to the IQI interference, and the floor is proportional to the square of the module of B . Moreover, it is verified that when lim M →∞ K /M = 0, the loss of the uplink signal-to-interference-plus-noise ratio (SINR) caused by the IQI is mainly proportional to the squares of the amplitude mismatch [20] . The amplitude mismatch α = 0.1 leads to approximately 1dB SINR loss for 10dB detection SNR. In this paper, the IQI impact on the spectral efficiency is shown in Section V.
By stacking the real and imaginary parts of (5) into a matrix, we obtain the corresponding augmented real-valued representation as [20] , [39] 
where E M ∈ R 2M ×2M and E τ p ∈ R 2τ p ×2τ p are given by
and the mapping: X →X, ∀ X ∈ C p×q , p, q ∈ N + is defined asX
Moreover, letX L andX R bẽ
thenX = X LXR . Some useful properties of X →X are summarized in Lemma 2 of Appendix A. According to (8) ,Z L andZ R can be expressed as
where the property (59) is used.
denote the relative IQI compensation matrix, and we will provide a method to estimate c in Section V. By compensatingZ R with c , we have
It can be observed from (14) that cZ R has the same matrix factor (˜ A +˜ B E M ) asZ L from (12) .
By combiningZ L in (12) with cZ R in (14) together, we obtain the compensated received signal Z c ∈ R 2M ×2τ p as
The compensation result (16) is in the form that the desired signalỸ is multiplied by a matrix factor relative to the IQI, thus the scheme is called relative IQI compensation.
By substituting the augmented real-valued representation for (1), i.e.,Ỹ =HP +Ñ, into (16) , we obtain
where G = H ∈ R 2M ×2K and N c = Ñ ∈ R 2M ×2τ p . It is assumed that the BS does not know the IQI matrix . We treat G as the effective channel by absorbing the IQI matrix into the wireless channel matrixH, and obtain the estimate of the effective channel G according to the received pilot signal Z c where the pilot matrix P is supposed to be known by the BS. Then based on the effective channel estimate, data detection schemes with the IQI taken into account can be designed [20] , [39] .
It can be seen from (16) that after relative IQI compensation, the conjugate counterpart of the desired signal caused by the IQI is transformed into the desired signal. Then we obtain the augmented real-valued representation (18) which is in the standard type of communication systems without the additive IQI interference. Moreover, based on the property (57b) and (57d), we know that
It implies that if the effective channel estimation is performed based on (16), there does not exit estimation error floor when the pilot sequence length satisfies τ p ≥ K without taking the channel space characteristics into account. For the case without IQI compensation in [27] , [38] , however, it is concluded that the required pilot sequence length is no less than twice of the number of UT antennas to ensure no estimation error floor. In the augmented real-valued representation (8) obtained directly from the real and imaginary parts of the received signal, we can see that the desired signal is still distorted by the additive interference (the second term at the right side). Then, the effective channel estimation performed in [20] is based on the following model without IQI compensationZ
According to (11) , forP L ∈ C 2K ×τ p , we have that the pilot sequence length should satisfy τ p ≥ 2K to obtaiñ
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III. EFFECTIVE CHANNEL ESTIMATION WITH PILOT REUSE
In the previous section, we shown that without taking the channel space characteristics into account, the pilot sequence length τ p should satisfy τ p ≥ K to ensure no estimation error floor. In this section, we verify that, based on the obtained augmented real-valued model with relative IQI compensation in (18) , it is feasible to perform effective channel estimation with pilot reuse and the pilot interference does not degrade the effective channel estimation MSE performance. We consider pilot reuse and assume the pilot sequence length τ p < K . All the UTs transmit the pilot sequence of length τ p simultaneously. There are τ p orthogonal pilot sequences. Let P = {1, 2, · · · , τ p } denote the available orthogonal pilot sequence index set, and q i ∈ C τ p represents the ith orthogonal pilot sequence with i ∈ P. We assume that
where σ 2 p is the pilot signal transmitting power and δ(·) is the Dirac delta function.
The effective channel of the kth UT is defined as
whereH k ∈ R 2M ×2 is the augmented real-valued representation for h k ∈ C M . Then the MMSE estimation performance for G k is given by the following proposition. Proposition 1: When the wireless channels of different UTs are uncorrelated, i.e., h i and h j are uncorrelated if i = j, then based on (18), the MMSE estimation for the effective channel of the kth UT is given bŷ
are the covariance matrices of G k and the noise N c in (18) , respectively, andP c,k ∈ R 2K ×2 is obtained by applying the mapping (10) to p * k , ρ = σ 2 p /σ 2 n is the signal-to-noise ration (SNR) during the channel estimation stage. The set K p k is formed by the UTs that transmit the same pilot sequence as the kth UT.
The corresponding effective channel estimation
Proof: Please refer to Appendix A.
The sum effective channel estimation MSE over all the UTs is defined as
A lower bound of is given by the following proposition.
Proposition 2:
The sum effective channel estimation MSE is lower bounded by
with ϒ k,orth
For i, j ∈ K and i = j, when p i = p j where p i and p j are the pilot sequences transmitted by the ith and jth UTs, respectively, if the corresponding covariance matrices of the wireless channels satisfyR
then the lower bound is achieved. Moreover, the condition in (28) is equivalent to
where i and j are the angle domain power distribution matrices defined in (3) . Proof: Please refer to Appendix B. It can be seen from Proposition 2 that if the UTs with non-overlapping angular domain channels reuse the same pilot, then the achieved sum effective channel estimation MSE is equal to that with orthogonal pilots. Since the IQI parameters are not known, the channel power distribution matrix in the angular domain cannot be obtained easily to schedule the pilots. Nevertheless, the covariance matrices of the effective channels can be utilized based on the following proposition.
Proposition 3: For i, j ∈ K and i = j, when p i = p j , if the covariance matrices of the effective channels satisfy
then we have
where ϒ k and ϒ k,orth are defined in (24) and (27), respectively. The maximum approximation error is O(α 2 max ) and α max is the maximum absolute value of the amplitude mismatches among all the BS antennas.
Proof: Please refer to Appendix C. For the practical case, the amplitude mismatch is usually assumed to satisfy 0 ≤ |α m | ≤ 0.2 (see [12] , [13] , [15] , [20] etc.), the magnitude of O(α 2 max ) is about 10 −2 which is very small and can be omitted. Then according to (31) , we have the achieved sum effective channel estimation MSE, denoted by ach = K k=1 tr{ϒ k }, is approximately equal to low in (27), i.e., ach ≈ low .
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Algorithm 1 Pilot Scheduling Algorithm Input: UT set K = {1, 2, · · · , K } and covariance matrices { k |k ∈ K}, threshold γ Output: Pilot sequence length τ p , orthogonal pilot index set I = {1, · · · , τ p }, pilot reuse pattern S = {K PR,i |i ∈ I} where K PR,i denotes the set of the UTs transmitting the ith orthogonal pilot sequence 1: Initialization: scheduled UT set K s = ∅, unscheduled UT set K us = K, number of the groups that use different orthogonal pilot sequences t = 1, orthogonal pilot index set I = {1}, the set of the UTs reuse the 1st orthogonal pilot sequence K PR,1 = {1}, sum of the covariance matrices of the UTs reuse the 1st orthogonal pilot sequence
select a UT k from K un 4:
create a new set of the UTs that reuse the tth orthogonal pilot sequence K PR,t and a matrix t = k 8:
We can schedule the pilots based on the condition (30) by defining a function to measure the orthogonality between the effective channel covariance matrices of two different UTs as
We have 0 ≤ µ( k , ) ≤ 1 from the Cauchy-Schwarz inequality. When µ( k , ) = 0, it means that the effective channel covariance matrices of the kth UT and th UT are orthogonal. Then based on Proposition 3, the pilot scheduling algorithm proposed in [7] , where the scheduling result is obtained with a given pilot sequence length, can be used in a similar way. In order to adjust the pilot sequence length, we provide a pilot scheduling algorithm according to the UT overlapping degree requirement in Algorithm 1.
IV. RELATIVE IQI COMPENSATION COEFFICIENT ESTIMATION
In this section we provide a method to estimate the relative IQI coefficients in c which are required to obtain the augmented real-valued representation (18) in Section II. Since the IQI parameters change much slower than the wireless channel realizations [12] , [13] , it only needs to estimate the relative IQI compensation coefficients at a very low frequency.
With the assistance of a reference antenna [30] or a specific transceiver [28] , a training sequence of length τ c common for all BS antennas is transmitted to the BS. Moreover, if the frame structure in [27] is used, the pilot of a UT can be used as the common training sequence, then the reference antenna or specific transceiver is not required. We assume the common training sequence s ∈ C τ c satisfies
where σ 2 c is the common training sequence transmitting power. From (34) , (35) and (36), we know that the real and the imaginary parts of the common training sequence are required to be non-zero and orthogonal to each other. Thus, the sequence length τ c should satisfy τ c ≥ 2.
Lets T = s L Ts R T ∈ R 2×2τ c denote the augmented realvalued representation for s T . Based on (34), (35) and (36), we haves
It is assumed that the common training sequence s is known by the BS [28] , [30] . Similarly as (12) and (13), the augmented real-valued model at the mth BS antennã
where˜ A,m ,˜ B,m ∈ R 2×2 are the augmented real-valued representations for ξ A,m and ξ B,m , respectively, E 1 ∈ R 2×2 is defined in (58),H t,m ∈ R 2×2 andÑ 2×τ c are the augmented real-valued representations for the channel coefficient from the transmitter to the mth antenna and the corresponding noise, respectively. We define G plu,m and G sub,m ∈ R 2×2 as
respectively. Then, from (38) and (39), the BS can obtain least square estimations for G p,m and G s,m aŝ
According to (41) , the estimation for the relative IQI compensation matrix of the mth BS antenna is obtained aŝ
The relative IQI compensation matrix c used in (15) is obtained based on the following Lemma.
Lemma 1: For any X ∈ C p×q , ∀p, q ∈ N + , we have
whereX is the augmented real-valued representation for X, the real-valued matrix X r is given by
withX i,j denoting the augmented real-valued representation for the (i, j)th element of X, and p ∈ R 2p×2p , q ∈ R 2q×2q are permutation matrices given by
for i = 1, · · · , p and j = 1, · · · , q. Proof: It can be proved directly by substituting (46), (47) and (47) into (45).
According to Lemma 1, we obtain the estimate of c aŝ ) and (36) we know that the shortest pilot length required to obtain the effective channel estimation with our scheme is T pro = K + 2. Recall that the received signal in (5) can be written as
The number of the truly unknown variables is MK + M , since one of the diagonal matrices A and B can be absorbed into the channel matrix. There are M τ p equations to estimate these unknown variables, implying that the shortest pilot length τ p required to ensure these equations have solutions is K +1. The shortest pilot length required in our scheme is only 1 more than it. However, since A , H and B , H * are multiplied together, respectively, it is hard to estimate the unknown variables from (50) individually. In the approach to estimate the IQI parameters proposed by [28] , the time sources required for the 2nd IQI estimation stage is proportional to the number of BS antennas. Thus, the total pilot overhead is much more than that for our scheme for the massive MIMO systems. Remark 3: In [27] , the IQI estimation is performed for the asymmetrical IQI model with the property A + * B = I M . Symmetrical IQI model is considered in this paper, however, this property does not hold, which can be testified from (6) and (7) . Our approach can be applied to both asymmetrical and symmetrical models.
V. NUMERICAL RESULTS
In this section, we present numerical simulations to evaluate the performances of the proposed channel estimation scheme. We assume that the BS is equipped with ULA where the number of BS antennas is set to be 128, and the antennas are spaced with half wavelength distance. The arrival of the angle interval is given by A = [−π/2, π/2]. We consider the typical outdoor wireless propagation environments, then the power angle spectrum is modeled as [7] 
where θ AS,k and θ k denote the angle spread and mean angle of arrival of the kth UT, respectively. It is supposed that θ AS,k = θ AS , ∀k. We do not consider the large scale fading, and then set β k = 1, ∀k. The UTs are assumed to be uniformly distributed in a 120 • sector, and the corresponding covariance matrices are generated according to (3) . The UT number is set as K = 10. We also adopt a single antenna specific transceiver used in [28] to transmit the common training sequence, and assume the channel from the antenna of the specific transceiver to the mth BS antenna satisfies Rician distribution given by [33] h s,m ∼ κ
where the first term corresponds to the specular path arriving with uniform phase ψ and the second term corresponds to the aggregation of the large number of reflected and scattered paths, independent of ψ. The phase ψ and the factor κ are fixed as π/6 and 5, respectively. The amplitude and phase mismatches are assumed to be uniformly distributed in the ranges of −0.3 ≤ α m ≤ 0.3 and −5 • ≤ φ m ≤ 5 • for m = 1, 2, · · · , M , respectively.
A. PERFORMANCE OF THE RELATIVE IQI COMPENSATION COEFFICIENT ESTIMATION
The performance of the relative IQI compensation coefficient estimation is characterized by the normalized MSE as
During the relative IQI compensation estimation stage, the SNR is denoted by ρ c . The average normalized MSE performances of the relative compensation coefficient estimation versus SNR for different common sequence lengths τ c are shown in Fig. 1 . It can be observed that the relative compensation coefficient estimation is accurate enough with very short common training sequence length.
B. EVALUATION OF THE APPROXIMATION IN PROPOSITION 3
We chose two UTs denoted by the 1st UT and the 2nd UT as an example to evaluate the accuracy of the approximation in Proposition 3. For different angle spreads VOLUME 8, 2020 θ AS = 2 • , 3 • and 5 • , the orthogonality between these two UTs are measured by (33) and all the results are with the magnitude of 10 −2 , implying these two UTs are nearly orthogonal.
The absolute difference between the sum effective channel estimation MSE ach achieved under condition (30) and low achieved with orthogonal pilots is given by
where ach,θ AS and low,θ AS denote the corresponding sum effective channel estimation MSEs achieved under different conditions for delay spread θ AS . The analytical MSE differences for different angle spreads are shown in Fig. 2 and 3 . It can be observed that the MSE difference is very small, in other words, the MSE achieved under the condition (30) is very close to that achieved with orthogonal pilots. Thus, the pilots can be scheduled based on the condition (30). From Fig. 2 we can see that the MSE difference increases but is still very small when the amplitude mismatch becomes larger, but it nearly keeps the same when phase mismatch increases in Fig. 3 . This is because that the MSE difference depends on defined in (120), which is mainly determined by the amplitude mismatch. Moreover, when the angle spread becomes larger, the MSE difference increases because the pilot interference between these two UTs becomes larger.
C. PERFORMANCE OF THE EFFECTIVE CHANNEL ESTIMATION WITH PILOT REUSE
A normalized effective channel estimation MSE reflecting the effective channel estimation performance is defined as
The common training sequence length and the transmitting power are set as τ c = 6 and ρ c = 20 dB to obtain the relative IQI compensation coefficients. Different angle spreads θ s = 3 • , 5 • are considered. We compare the average normalized MSE performances between the proposed effective channel estimation with pilot reuse and that with orthogonal pilot sequences in Figs. 4 and 5. The effective channel estimation with pilot reuse is performed with the IQI estimation proposed in Section IV, but that with orthogonal pilot sequences is performed based on the perfect relative IQI compensation. The MSE of the IQI aware MMSE (IQA-MMSE) estimation proposed in [20] , which is obtained with τ p = 20 based on (20) , is also depicted. For different thresholds γ , the corresponding pilot sequence length τ p may be different, then we give the average pilot sequence length denoted by τ p,ave . It can be observed from Figs. 4 and 5 that smaller overlapping degree requirement (i.e., smaller γ ) can achieve smaller average normalized estimation MSE but requires longer pilot sequence. For larger angle spread, longer pilot sequence is required to achieve the same overlapping requirement than the smaller angle spread. Moreover, the average normalized MSE performance of the proposed effective channel estimation with τ p,ave ≈ 7, i.e., the pilot overhead is approximately reduced by 30% than the orthogonal pilot sequences (τ p = 10), is close to that achieved by orthogonal pilots approach in the low and moderate SNR region. When the effective channel is estimated with pilot reuse (τ p < K ), the received SNR (i.e., τ p ρ p ) is smaller than that with orthogonal pilot sequences (τ p = 10), which is one of the reasons why there is an estimation MSE gap in the high SNR region. The MSE floor of the pilot reuse scheme in the high SNR region is because of the pilot interference caused by pilot reuse. The MSE performance of the IQI aware MMSE estimation with τ p = 20 only has a small gain over the proposed approach. However, the channel estimation with pilot reuse is accurate enough and can achieve a better spectral efficiency when pilot overhead is considered. The spectral efficiency performances are compared in the following subsection.
D. SPECTRAL EFFICIENCY COMPARISON
In this subsection, we compare the spectral efficiency performance of the MMSE detection based on the effective channel estimation obtained with different approaches. The spectral efficiency is defined as
where t is the pilot overhead, T is the length of the coherent wireless channel block, η represents the number of the wireless channel coherent block that the IQI parameters remain invariant and R ach is the achievable uplink rate evaluated by using the classical worst case approach as in [40] . During the period that the IQI parameters keep constant, the total pilot overhead of the proposed effective channel estimation is t pr = τ c + η n=1 τ p,n where τ p,n denotes the pilot sequence length in the nth coherent block. The common training sequence length and the transmitting power are set as τ c = 6 and ρ c = 20 dB to obtain the relative IQI compensation coefficients. The spectral efficiency performances achieved with the proposed effective channel estimation, the LS estimation, the MMSE estimation with IQI compensation 2 [27] , the IQA-MMSE estimation [20] and the IQI unaware MMSE (IQU-MMSE) estimation are shown in Figs. 6 and 7 .
The spectral efficiency performances versus the detection SNR denoted by ρ d (ρ d = ρ p ) are shown in Fig. 6 . The coherence block length T , the value of η and the angle spread θ AS are set as T = 30, η = 20 and θ AS = 3 • , respectively. From Fig. 6 , we can see that the spectral efficiency achieved with the pilot reuse based channel estimation is the best. For ρ d = 10 dB, it provides about 15 bits/s/Hz (approximate 25%) and about 20 bits/s/Hz (approximate 33%) spectral efficiency FIGURE 7. Comparison of the spectral efficiency performances between the proposed estimation (referred as ''Pro. ''), the LS estimation with relative IQI compensation (referred as ''C-LS'') and without the compensation (referred as ''LS''), the MMSE estimation with IQI compensation [27] (referred as ''C-MMSE''), the IQA-MMSE estimation [20] (referred as ''IQA'') and the IQI unaware MMSE estimation (referred as ''IQU''). Results are versus wireless channel coherent block length for angle spread θ AS = 3 • with M = 128, K = 10 and η = 20.
gains over the orthogonal pilot approach and the MMSE estimation with the IQI compensation [27] , respectively. Moreover, it can be observed that the spectral efficiency of the IQU-MMSE, where the IQI is not well dealt with, is very low and has a ceiling. Although the interference between the real and imaginary parts, which is caused by the IQI, can be well copied with in the IQA-MMSE estimation [20] and the LS estimation with τ p = 2K , the corresponding spectral efficiency performances both are worse than that of the IQU-MMSE receiver in the low and moderate SNR regions for the reason that the noise dominates rather than the IQI interference. However, for the high SNR region where the IQI interference dominates, the spectral efficiency performances of the IQA-MMSE estimation and the LS estimation are better than that of the IQU-MMSE receiver. For the same pilot sequence length, the spectral efficiency achieved with MMSE estimation is always better than that with LS estimation.
The spectral efficiency performances versus the length of the coherent wireless channel block are depicted in Fig. 7 . The detection SNR ρ d is set as 15 dB. It can be observed that the gap between the proposed effective channel estimation and the IQI compensated MMSE estimation decreases when the coherence block length increases, since the proportion of the pilot overhead becomes smaller compared with the block length. Moreover, the spectral efficiency performances achieved with the IQA-MMSE estimation and the LS estimation will be better than that of the IQU-MMSE receiver when the proportion of the pilot overhead is less. Especially, the IQA-MMSE estimation achieves a better spectral efficiency than the LS estimation with relative IQI compensation does, since the IQA-MMSE based effective channel estimate is more accurate and the pilot overhead proportion is reduced.
VI. CONCLUSION
In this paper, we investigated channel estimation with pilot reuse for in-phase and quadrature-phase imbalanced massive MIMO over flat fading channels. By processing the real and imaginary parts of the received signal with relative IQI compensation coefficients, we obtained an augmented real-valued model in the form that the desired signal was multiplied by an IQI matrix. We provided an efficient estimation method for the relative IQI compensation coefficients based on the least square criterion. We performed MMSE estimation with pilot reuse for the effective channel according to the obtained augmented real-valued model with relative compensation. We obtained a lower bound of the effective channel estimation MSE. Motivated by the optimal conditions under which the lower bound was achieved, we proposed a pilot schedule algorithm. The performance of the proposed effective channel estimation scheme was verified by numerical results.
APPENDIXES APPENDIX A PROOF OF PROPOSITION 1 A. USEFUL LEMMAS
Some useful properties of the mapping X →X are summarized in Lemma 2.
Lemma 2: The following properties of the mapping defined in (10) hold for A, B ∈ C p×q , C ∈ C q×r , ∀p, q, r ∈ N + :
where E N is a 2N -by-2N dimensional matrix defined as
Based on the definitions in (11) , the property (57c) is equivalent toX
Proof: These properties can be obtained directly according to the definition of the mapping X →X.
For any matrix A and its vectorized form vec{A}, the corresponding augmented real-valued representations are denoted byÃ andÃ v , respectively. The relationship betweenÃ v and A is shown in the following lemma. Moreover, a lemma is given to provide a way in which the product C = BX can be arranged into an expression onÃ v .
Lemma 3: For any A ∈ C p×q , ∀p, q ∈ N + , letÃ v ∈ R 2pq×2 denote the augmented real-valued representation for vec{A} ∈ C pq , then we have
where n = 1, · · · , q andÃ ∈ R 2p×2q is the augmented realvalued representation for A.
Proof: Based on the definition (10), we writeÃ v andÃ as
respectively. Then, we havẽ
Since [vec{A}] p(n−1)+1:pn = [A] :,n for n = 1, · · · , q, then (60), (61), (62) and (63) can be obtained directly from (66). 
we have
where B Kr is given by 
[C] p+1:2p,n = B 3 [Ã] 1:p,n + B 4 [Ã] p+1:2p,n , 
for n = 1,· · ·, q,. Then by substituting them into (67), (68), (69) and (70), we obtain (71).
B. PROOF OF PROPOSITION 1
With vec{ABC} = (C T ⊗A)vec{B} [41] , we obtain
where P Kr = P T ⊗ I M ∈ C τ p ×M and vec{H} = [h T 1 , · · · , h T K ] T ∈ C MK . The subscript (·) Kr means that the matrix has a Kronecker structure. The augmented real-valued representation for vec{Y} is given bỹ
whereP Kr 
are the augmented real-valued representations obtained by applying the mapping (10) to P Kr , vec{H} and vec{N}, respectively. It should be noted that we useX v to denote the augmented real-valued representation for the vector vec{X} which is the meaning of the subscript v, to avoid confusion withX which is for a matrix X. With (79), we will obtain an expression of the received signal after relative IQI compensation which is convenient for designing pilot reuse scheme.
for t = 1, · · · , τ p . Then based on Lemma 4 in the previous subsection, we have
where Kr,τ p is given by .
We assume that Kr,τ p is invertible. The reason is given as follows. The matrix relative to IQI parameter at the mth antenna can be written as
Considering the amplitude and phase mismatches ranges |α m | < 1 and |φ| < π/2 [12] , [18] , [20] , [27] , for the determinant of m we have det( m ) = (1 − ε 2 m ) cos ϑ m = 0, implying that it is reasonable to assume m to be invertible. Similarly as (49), we have VOLUME 8, 2020 where M is a permutation matrix defined in (49). It can be seen from (89) that is invertible. Furthermore, the inverse matrix of Kr,τ p can be obtained based on (86). The equation (85) is obtained by substituting (79) into (84). Since pilot reuse is considered, we arrange Z c in (16) into the from of (85). Moreover, based on the definitions (11), we obtain Z L c,r and Z R c,r from (85) as Z L c,r = Kr,τ pP KrH
which are linear about the vectorsH L v ∈ R 2MK andH R v ∈ R 2MK , respectively. In other words, Z L c,r and Z R c,r can be seen as the observations of the vectorsH L v andH R v , respectively. The effective channel for all the UTs is defined as
where Kr,K is given by
with 1 , 2 , 3 and 4 defined in (87). According to Lemma 3 in the previous subsection, the relationship between the kth UT effective channel G k = H k ∈ R 2M ×2 defined in (22) and G is given by
. 
T v } is the covariance matrix ofH v and we know thatR is the augmented real-valued representation for R = E{vec{H}vec{H} H } according to (57b). The invertibility of Kr,τ p is used to obtain the last step and Z c,r is substituted with (84).
Based on Lemma 2, we know that (99) is equivalent tô
whereH est is the augmented real-valued representation for
It can be seen from (101) that h est is the MMSE estimation for the wireless channel vec{H} when there is no IQI. Thus, from (100) we know thatĜ has the structure that the augmented real-valued representation for h est is multiplied by the IQI matrix.
If the wireless channels of different UTs are uncorrelated, then R is written as
where R k ∈ C M ×M is defined in (3) . From (101), the MMSE estimation for the wireless channel of the kth UT h k is given by [7] h est,k = 1
where the set K p k is formed by all the UTs that transmit the same pilot sequence as the kth UT. Then based on the relationship (97), we obtain the MMSE estimation for the effective channel of the kth UT G k fromĜ in (100) aŝ where k = R k T , n = T and Z c = Ỹ defined in (16) . Since is invertible, the matrix n is also invertible. The estimation error defined as G err k G k −Ĝ k , and the effective channel estimation MSE matrix is given by When the conditionR iRj = 0, ∀i = j,
is satisfied for i, j ∈ K p k where K p k is the set formed by all the UTs transmitting the same pilot sequence as the kth UT, then we have
where C p k and C p k are given by
Then from (110), we have
By substituting k defined in (23) into (25), the sum effective channel estimation MSE over all the UTs can be rewritten as
where the invertibility of is used and C p k is defined in (111) It is easy to see thatR for = 1, · · · , K are real symmetric matrices according to (57b), then we have
where A B represents A − B is a positive semi-definite matrix. According to the property A B ⇒ A −1 B −1 for positive definite matrices A and B [41] , [43] , we have
For A B, we have C H AC C H BC and tr{A} ≥ tr{B} [41] , [43] . Thus, we obtain tr
where C k is defined in (112). Since tr{A 1 + A 2 } = tr{A 1 } + tr{A 2 }, a lower bound of is given by
The equality holds when (113) is achieved, i.e., the condition (109) is satisfied. Moreover, based on (57b), we know thatR iRj = 0 ⇔ R i R j = 0. Then from (3), we have
Then from (128) we have
Similarly, we can also obtain k −1
By substituting n with (120), the second term at the right side of ϒ k in (24) can be written as 
The step (a) is obtained by applying the Taylor expansion formula [43] to the inversion part as
where O(ν 2 max ) denotes the maximum approximation error based on (126) and (b) is obtained according to (131) and (132).
Similarly, the second item of ϒ k,orth defined in (27) can be written as
where the approximation error O(ν 2 max ) is omitted. By substituting (135) and (138) into ϒ k in (24) and ϒ k,orth defined in (27) , respectively, we have
From (125), we know that the order of ν 2 max is approximately equal to α 2 max , since α 4 max α 2 max for 0 < α max < 1. Thus, the maximum approximation error is O(α 2 max ). Based on (139), we know that under the condition (127), the achieved sum effective channel estimation MSE is approximately given by
Then (32) is obtained.
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